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1. Introduction 



Let (M, a;) be a compact Kahler manifold of complex dimension n. In 
1978, Yau |Yau78j proved the famous Calabi-Yau conjecture by solving 
following complex Monge- Ampere equation on M 

with positive function /. Later on, using tools from pluri-potential the- 
ory, Kolodziej |Kol98] studied the same equation with weaker smooth- 
ness assumption on /. 

In this paper, we consider following complex Hessian equation on 

{M,uy. 



where k is a fixed integer between 2 and n — 1, and / is a non- negative 
function on M satisfying the compatibility condition: 



feu- = / u;\ (2) 

M J M 

Noticed that if /c = n, equation ([1]) is just the complex Monge-Ampere 
equation, while if /c = 1, equation ([1]) becomes the Laplacian equation. 
So equation ([T]) is a generalization of both complex Monge-Ampere 
equation and Laplacian equation over compact Kahler manifold. 

Similar nonlinear equations have been studied extensively by many 
authors, see JBT761 ICNS841 ICKNS851 ICNS851 [Li90l n¥u95l [UL961 
ITW991 [Li04l IBloOS] and the reference there. 

The Main result of this paper is following 

Theorem 1.1. Let (M, a;) he a compact Kahler manifold with non- 
negative holomorphic bisectional curvature, and f is a strictly positive 
smooth function, then equation (QP has smooth solution unique up to a 
constant. 
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Our approach to Theorem 11.11 is similar to Yau's approach to the 
complex Monge-Ampere equation, i.e. continuity method and a priori 
estimate. By the standard theory of Krylov and Evans, it suffices to 
prove a priori C"^ estimate for equation ([1]). More precisely, we have 

Proposition 1.2. If if solves equation (QP andsvjpM^ = 0; then\/q > 
2n, 

WVWCO < Cq, (3) 

where Cq is a constant depends on (M, cu), q and || / — l||/,<j. 

Proposition 1.3. If{M,uj) has non-negative holomorphic bisectional 
curvature and (f solves equation (J\), then 

llV^llcoH < Ci, (4) 

where Ci is a constant depends on (M,uj), ||/^^'^||ci('^) o-ndosap. 

Proposition 1.4. If {M,uj) has non-negative holomorphic bisectional 
curvature and (p solves equation then 

Wdd^Wc-^^) < (5) 

where C2 is a constant depends on (M, cu), sup/, iid /S.^^{f^/'^) and 
osc V9. 

Both Proposition 11.31 and Proposition 11.41 require non-negative holo- 
morphic bisectional curvature for the underline Kahler manifold. How- 
ever Yau's result requires no curvature condition, even though com- 
plex Monge-Ampere equation is worse than complex Hessian equation 
in certain sense, because Monge-Ampere equation is more nonlinear. 
One possible explanation is that the convex cone of positive real (1, 1) 
form is independent of the Kahler metric, while the convex cone of k- 
positive real (1, 1) form does depend on the Kahler metric. Besides, u^p 
being positive is a much stronger condition than tu,^ being fc-positive. 
In fact, Yau used the positivity of uo^^ to control some third order terms 
in his proof of a priori estimate. Also noticed that Li ^Li90j studied 
some nonlinear equations with certain structure conditions over com- 
pact Riemannian manifold which include the real Hessian equation as 
a special case. In Li's treatment, the non- negativity of sectional curva- 
ture is needed. Right now. We don't know whether the non-negativity 
of holomorphic bisectional curvature is an essential condition for the 
solvability of equation ([1]) or it is just a technical requirement El 



^In a recent paper [HMW08] . we removed the curvature assumption imposed in 
this paper. 
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We don't require the function / to be strictly positive in both Propo- 
sition 11.31 and Proposition 11.4^ i.e. equation ([T]) can be degenerate. 
However, in order to use the theory of Krylov and Evans to get higher 
regularity, we need the equation to be uniformly elliptic. Hence in 
Theorem ll.il we require / to be strictly positive. 

Blocki |Blo05j studied the weak solution of complex Hessian equation 
over bounded domain in C^. The concept of weak solution and complex 
Hessian measure can be extended to the study of complex Hessian 
equation over compact Kahler manifold, and one can also study the 
corresponding potential theory. 

We organize the rest of the paper as follows: in Section [2], we provide 
some necessary results on convex cones related to elementary symmet- 
ric functions; in Section [HI we study the uniqueness of solution and the 
C° estimate; in Section H] and Section O we derive the a priori and 
estimate respectively. 

2. Preliminary 

Let Sk be the normalized /c-th elementary symmetric function defined 
on M*^ and let 



It is well known that Pfc is an open convex cone in R". We call P^ the 
fc-positive cone in M". 

Proposition 2.1. For the k-positive cone P^ in M", 

. P„ = {A = (Ai,-- - ,A„) e W I Xj > 0,j = 1,- ■ ■ ,n}. We call 
Tn the positive cone in M". 

• Pfc is the connected component of {X G M" | Sk{X) > 0} con- 
taining P„. 



Pfc = {AGM" I 5,(A)>0,j = l,---,fc}. 



. VAGPfc,Vj = l,--- 



n 




(6) 



• (^Newton inequalities^ VA G M", Vj = 1, ■ ■ ■ ,n — 1, 

Vi(A)5,+i(A) < s,{xr. 

• (^Maclaurin inequalities^ For A G Pfe, 




(7) 
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where 0<s<r,0<l<k,r<k and s < I. 

• ( Garding inequality^ Let he the complete polarization of Sk, 
then for k^^\ ■■ ■ ,AW G Vk, 

Pk{A^^\ ■■■ , A^'^)) > ^fc(A(^V/'= • • ■ ^fe(A('=))l/^ (8) 

• Sl^'' is concave on Tk- 

• If0^l<k, then (Sk/ SiY^^''^''^ is concave on T^- 

The properties listed above are well known, for proof see |CNS85t 
IGar59j . In this paper, we also need following result. 

Lemma 2.2. Suppose X = (Ai, ■ ■ ■ , A„) e Tk with 

Al > A2 > ■ ■ ■ > Xn, 

then 

dXi- 0X2-"' - dXn ^ ' 

Moreover 

Ai|^ > -Sk. (10) 
0X1 n 



Proof. Equation ([9]) is obvious, we will only prove equation ( fTOj) . Let 
(jfc be the fc-th elementary symmetric function, and A = {Ai, ■ ■ ■ , A„}, 
then 

nXi-^ k(Tk = {n- A;)Ai(Ja:_i(A\Ai) - kak{A\Xi). 

By Newton's Inequality for A\Ai, 

Sfc(A\Ai) kak{K\Xi) 



Ai >5i(A\Ai) > 



5fc_i(A\Ai) (r2-A;)(Tfc_i(A\Ai) 
So 

nAiT— ^ > kSk- 
0X1 



□ 



Let T-C{n) be the set of n x n Hermitian matrices. We extend the 
definition of 5*^ on M" to 7Y(n) by 

SkiA) = Sk{X{A)) 

where X{A) is the eigenvalues of Hermitian matrix A, then Sk is a 
homogeneous polynomial of degree k on 7i(n) and 

det(A + = J2 S,{A) r-^-. (11) 
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We define the fc-positive cone in T-C{n) by 

rk{n{n)) = {Aen{n) \ Sj{A)>0,j = 1,--- ,k}. 

Because of equation (|TT1) . it is easy to see tliat Sk is invariant under tfie 
adjoint action of U{n), lience Tk{Ti.{n)) is also L'"(?7,)-invariant. Besides, 
all the the properties listed in Proposition 12.11 are also true for 5*^ 
defined on T-i{n). Especially, for any A = (A^^) G TkiHi^n)), the 
matrix with entries given by 



^^^_ dlogSk{A) 



dA^-p 



(12) 



is a positive definite Hermitian matrix. 



Now consider a complex vector space V of complex dimension n with 
a fixed Hermitian metric g. Let uj be the Hermitian form of g. After 
fixing an unitary basis {9^, • • • , 9^} for V* , any real (1, 1) form x can 
be written as 

where A^ = (xa/3) is a Hermitian matrix. We define the k-th Hermitian 
S'fc(x) of X with respect to u as 

Skix) = Sk{A^) = SkiiXap))- 

The definition of Sk is independent of the choice of unitary basis, in 
fact Sk{x) can be defined without the use of unitary basis by 

x'Au^-' = Sk{x)u^''. 

Let Aj^'^y* be the space of real (1, 1) form. We define the /c-positive 
cone in Aj^'^K* by 

Tk{V'^') = {x^A'/V* I Sj{x)>0,j = !,■■■ ,k}. 

All the properties listed in Proposition 12.11 continue to be true for 
the k-th Hessian of real (1, 1) forms. Especially, for any Xi? ' ' ' > Xfe ^ 

XiA---AxfcAcu"-'=>0. (13) 

Let (M, a;) be a Kahler manifold with Kahler form u. The tangent 
space of M at every point is a complex vector space with Hermitian 
metric, so the construction of Tk{V^'^) can be carried out pointwise on 
M, hence we get a distribution of open convex cones in the space of real 
(1, 1) form on M. Since the parallel transportation keeps the Kahler 
metric, so this distribution of convex cones is also invariant under the 
parallel transportation. For simplicity, we still use P^ to denote these 
convex cones. 
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Definition 2.3. A real (1,1) form x ^ i7^'"'^(M, M) is /c-positive with 
respect to uj, if x &^k- 

Let C°°(M, M) be the set of real valued smooth functions on M. 
Denote 

Vk{M, uj) = {ipe C°°{M, R) I uj^ = LU + V^ddcp is A;-positive }. 

Proposition 2.4. If ip e C°°(M,M) solves (CP, then Lp e Vk{M,uj). 

Proof. Since tu^ is a positive form at the point where if achieves min- 
imum, so G r„ C Ffc at the minimum point. This together with 
the facts that Tk C H{n) is the connected component of {Sk > 0} 
containing r„, and the distribution of these cones is invariant un- 
der parallel transportation shows that uj^ G Tk at every point, hence 
<feVk{M,uj). □ 

Proposition 2.5. If & Vk{M,uj), then the operator 

ip ^ Sk{uJ^) = 

is elliptic at ip. 

3. Uniqueness 
Suppose both ip and ip solve equation ([1]), then 



'M 
k-l 



k-l— I A n—k 
/\ UJ 



J2 f {iJ-^)V^ddiij-ip)AJ^Auj, 
1=0 

k-l „ 

V^d{^-ip)Adi^-ip)AJ^Auj'^~''-^Auj 



1=0 

< 

The last inequality is true because 

y/^d{il) - ip) A d{ip - ip) e r„, Lo^ G Tk and G Tk, 
hence by equation (fT3!) . for / = 0, ■ ■ ■ ,k — 1, 

^/^d{iP - (^) A Bi^J - (^) A cjj, A cuj-^-' A a;"-'^ > 0. 
So d{ip — (/?) = 0, and 

Same positivity argument can be used to prove Proposition 11.21 by 
Yau's Moser iteration, see |Siu87] or [TiaOOj for details. 
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4. ESTIMATE 

We will follow Blocki's approach in [Blo07j to get the a priori 
estimate. But unlike Blocki, we will use the covariant derivative with 
respect to u throughout this paper. 

First let's fix some notation. Let {ci, ■ ■ ■ ,e„} be a fixed unitary 
frame for (M, u), and {6^, ■ ■ ■ , 6^} be the duel frame. For ip G Vk{M, u) 
with 

V^ddif = V^if^p A 

let 

where [F"^) is the matrix- valued function defined on Tk{'H{n)) by 
equation f|T2|) . Let {G^p) be the inverse matrix of (G"^), then 

G = v^G„^rAP (14) 

induces a Hermitian metric G on M, and this metric is independent of 
the choice of unitary frame. 

Suppose if solves equation ([1]) with inf = and sup ip = osc ip = Cq. 
Let 

B=\\^v\\l = ^,-y^'^ and A = \ogB-h{ip), 
with h{t) = \ log(2t + 1). Let A' = G^'^V^jVe,,, then 

A'A = ^ - - /.'(^)AV - /i"(y.)G-'^¥.,„y.j (15) 

and 

By Ricci identity 

V^'^a^g = V5,a/3^ and V^^^^^ = V?,^^^, + ip^r^R^^aj^- 

Since solves equation ([1]), so 

G"^^,,^^ = (log/),, and G"^v',a^^=(log/)'^. 

Hence 

A'5 > 2Re( V(log /), Vip)^ + G'^~^ip,,ip '^R\^^. (17) 
If (M, w) has non-negative holomorphic bisectional curvature, then 

G'^^ip,,ip''^R\^f^>0 

therefore 

A'5>2Re(V(log/),V</^)^. (18) 



(16) 
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Noticed that Sk is homogeneous of polynomial of degree /c, so we have 
If A achieves maximum at point p, then at point p, VA = 0, i.e. 



^ = and ^^h'i 



Hence at the maximum point p, 

A'A > -|Re(V(log/), Vip) - {h" + h'^)G'^^ip,aV^^ - kh' + h' ii^ G. 
Since (/? takes value between and Co, so 

^>.'>l and -H"-k->^^^. 

Therefore 

A-^>|He(V(,og/).V.).|j^-..J|fj. UO) 



If the eigenvalue of a; + v— T99</7 with respect to a; is (Ai, • • • A^), then 
tr,G = fc%i^ and / = 5,(A). 

Noticed 

|Vlog/| = ^^^<|V(/V^)|tr.G, 
here we've used the Maclaurin Inequality 

1 _ 1 ^s^i 



So at the maximum point p, 

We may also assume that 
therefore at p, 

So at the maximum point p, 

tr^ G < C, and G'"^(/?,„¥'J < (21) 
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where C is a constant depends on Co only. By the Generahzed Newton- 
Maclaurin Inequahty, 

..(A).S.W(%f)'-'./(i^)'-\ ,22) 

S'i(A) is bounded by constant depends on Cq and sup/ at point p. 
Noticed that VA G M", 

E \' = (E ^^■)' - E ^^^^ = - - 1)^2(A). 

Since A G with /c > 2, so 5'2(A) > and 

sup|Aj | < n5i(A). (23) 

j 

Therefor at the maximum point p, the eigenvalue of with respect 
to u is bounded. If we further assume that Ai > ■ ■ ■ > A„, then 
the smallest eigenvalue of matrix (G"'^) is 's^(X)^^~^ which can be 
bounded from below because of Lemma 12.21 

I dSk k 

> . (24) 

Combine equation (I2T1) and (1221) . is bounded at the maximum point 
of A, therefore A is bounded everywhere, hence Vip is also bounded 
everywhere, and this finishes the proof of Proposition 11.31 

5. ESTIMATE 

Same as in Section HI we will use maximum principle to get some a 
priori estimate in this section. We can keep using the Hermitian metric 
introduced by equation f|T^ . But in order to get better regularity 
result, we will introduce a new Hermitian metric. For A = (A^^) G 
Ffc(7i(n)), denote 

then (F°'^(A)) is positive definite Hermitian matrix. Using the same 
frame (ei, ■ ■ ■ , e„) and co- frame (6*^, ■ ■ ■ , 9"') as in Section HJ for G 
Vk{M,u) with 

let 

i7"^ = F"^(j„ + (¥,,,^)), 
and {H^0) = (f/°^)-i, then 

H = ^^H^-pO'' A 9 (25) 
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induces a Hermitian metric on M. 
Let A = //°^Ve^Ve„, then 

From the equation 

one get 

Here we've used the concavity of . By Ricci identity, 
So 

A(n + A99) > A/ + - (27) 

Choose a unitary frame so that ^p^p is diagonal matrix, then 

«,7 



a,7 

= ^ Rj-faa{^,-/^ — ^,aa){H°'°' — H 



a<7 

If cUi^ is diagonahzed as (Ai, ■ • • , A^) with respect to u, then 

and H-^^lsf^. 

k oXa 

Hence 

<^,aa><^,77 ^ > \ ^ H"^ < H^^ , 

therefore 

If (M, a;) has non-negative holomorphic bisectional curvature, i.e. 

then 

H^'^cp^^^R^^,^ - H^'^^^^f^R^,,^ > 

and 

A(n + A(/?) > A(/^/*^). (28) 
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Consider n + Ay9 — (p. At the point where n + Aip + Lp achieves the 
maximum, 

> A(n + Ay^ - ^) > A(/i/'^) - + tr^ H. 
Hence at the maximum point 

i^u^H < fl^ < C 

where C is a constant depends on sup / and inf A(/i/'=). Noticed that 

tr^ H = kS^ , 

and 

n + A^ = S,{X) < Sk{^y" = Sl {Sl^y, 

so by bounding tr^ H, we also bound n + Aip by constant depends on 
sup / and A(/^/'^) at the maximum point of n + Aip — ip. Therefore get 
a global bound for n + Aip. Then by equation fl2^ . we also get global 
bound for the eigenvalues of with respect to u, i.e. 

with C2 depends on sup /, inf A(/^/*'') and oscy^. 
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